The toughness of a graph G, denoted by t(G), is defined as the largest real number t such that the deletion of any s vertices from G results in a graph which is either connected or else has at most s/t components.
a positive integer such that k IV(G)1 IS even and t(G) 2 k then G has a k-factor. In [3] it was proved that Chvatal's conjecture is true. The main purpose of this paper is to present two theorems which imply the truth of Chvatal's conjecture as a special case.
All graphs considered are simple and finite. We refer the reader to [l] for standard graph theoretic terms not defined in this paper. Let G be a graph. Given a function f : V(G) + Z' , we say that G has an f-factor if there exists a spanning subgraph H of G such that &(x) = f(x) f or every x E V(G). If f is the constant function taking the value k then an f-factor is said to be a k-factor. Thus a k-factor of G is a k-regular spanning subgraph of G. If X and Y are subsets of V(G) then e(X, Y) denotes the number and E(X, Y) the set of edges of G having one end-vertex in X and the other in Y.
A subset Z of V(G) is an independent set of G if no two elements of Z are adjacent in G and a subset C of V(G) .
IS a covering set if every edge of G has at least one end in C. It is not very difficult to deduce that a set Z E V(G) is an independent set of G if and only if V(G)\Z is a covering set of G (Theorem 7.1 of ill).
Tutte [5] proved the following theorem. He also noted that for any graph G and any function f Let G be a non-complete graph and let t be a real number. If for every vertex-cutset S of G, IS1 2 tw(G -S), then we say that G is t-tough. The largest t such that G is t-tough is called the toughness of G and is denoted by t(G). If G = K,,, t(G) is defined as n -1, and G is said to be t-tough if and only if tsn--1.
Chvatal introduced conjecture.
the concept of toughness in [2] and made the following Chvaital's conjecture. Let G be a graph and k a positive integer such that k IV(G)1 is even and G is k-tough. Then G has a k-factor.
In [3] it was proved that Chvatal's conjecture is true. The main purpose of this paper is to present two theorems (Theorem 1 and Theorem 3) which imply the truth of Chvatal's conjecture as a special case. The first of these theorems is as follows. Clearly Theorem 1 implies the truth of Chvatal's conjecture, in the case when a = b = k. In addition to Theorem 1 we shall also obtain the following result, which is stronger than Theorem 1, for the case 1 =S a =S b s 2. Before stating the second main theorem of this paper it is necessary to make the following definition.
Let G be a graph and let g and f be two integer-valued functions defined on For the proofs of Theorem 1 and Theorem 2 we shall need the following lemmas. 
Thus ( The following lemma was also stated in [2] and its proof is omitted. Proof. We can assume that S f 0, otherwise there is nothing to prove. First we show that ID USI >2. Suppose that ISI = 1 and IDI =O. Then by (i),
Lemma 3. Zf a graph G is not complete, then t(G) c +6(G).

Lemma 4. Let G be a t-tough graph which is not complete and let f be a function from V(G) into Z+ such that t a f (x) Z= 1 for every x E V(G). Suppose that there existD,ScV(G), DflS=0andDUS#0suchthat
But f(x) s t for all x E V(G) and by Lemma 3 d,(x) 3 2f. Thus (4) implies,
which contradicts the toughness of G. We next show that (11)
JUI 2 tw(G -U). (12)
If o(G -V) > 1 then (12) follows immediately from the fact that G is t-tough. If w(G -U) = 1 then the inequality follows since lUl> IDI 2 t by (11).
Using (9) (10) and (12) lDl+~jij+~ir,-(~~+X3~t(~ij+~~j+y).
j=l j=l j=l j=O
Hence
IDI 3 w((G -D) -S) + i (t -j)ij + 5 (t -j)rj j=l j=O
and since by (5) o
we have
IDI > u JDJ -C (b -do-D(X)) + i (t -j)ij + i (t -j)q. xss j=l j=O
Since
NowifZ'=0thenC1UC2U*-*UCb_-l=0, since 
We may assume that G is not a complete graph because if G = K3, the theorem clearly holds and if G z K,,, where n 2 4, the theorem holds by Lemma 2. Now suppose that S is minimal with respect to (17), and to the condition that Although all the graphs that we considered in this paper were simple, the theorems that we have proved hold also for multigraphs (with loops), since a multigraph has the same toughness as its underlying graph.
